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ABSTRACT: The stress—strain behavior of polydisperse networks is investigated using the maximum
entropy principle. The network is described as a gas of phantom chains, and the deformation is taken
into account by macroscopic constraints. Thus, nonaffine deformation on a microscopic scale is allowed
and occurs. The main experimental features are reproduced, without introducing parameters additional
to the strand number. In addition, the length distribution of network strands in a polymerization reaction
is calculated. An exponential distribution of chain lengths is found.

1. Introduction

Polymer networks are widely used for technological
applications; their large reversible elasticity is one of
the reasons. Most theoretical models!™® assume for
these networks identical network strands, i.e., these
models describe monodisperse or unimodal networks.
However, the technically applied networks mostly pos-
sess a broad distribution of strand lengths; i.e., they are
polydisperse or bi- and multimodal. Recently,’™® we
introduced a new description of monodisperse or uni-
modal polymer networks. In this paper we extend this
model to polydisperse networks. Network vacancies, as
for example, dangling bonds, loops, or double connection
of cross-links (see e.g. ref 7), are not included in our
model, because they do not contribute to the elastic
energy.

In the next section we introduce the model for a
bimodal polymer network consisting of Gaussian chains
of different lengths. We compare the biaxial stress—
strain relation with experimental data and investigate
the behavior of both chain ensembles under strain. In
the third section a polydisperse network is investigated,
which assumes an extremum of entropy under the
constraints of given monomer and strand numbers. We
calculate the distribution of strand lengths and the
stress—strain behavior. Section 4 gives the conclusion.

2. Bimodal Network

Two ensembles (j = 1, 2) of equivalent and noninter-
acting strands, differing only in their contour length,
with strand entropies kg5S;(F), distributed between the
allowed cross-links of the given network, yield the
entropy of the total network (compare refs 7—9)
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¥ for those chains having a contour length N;l, My ;(7) is
the number of strands with end-to-end distance 7 for
those chains having a contour length N,/ without
external perturbation, i.e., y; = 0. M; and M; are the
total numbers of chains with contour lengths N/ and
Nal, respectively. Note that these parameters are
determined by the physical and chemical conditions
during the preparation of the network. The total
number of strands of each contour length is constant;
these contraints are taken into account by the Lagra-
gian multiples (u; — 1). The last term in eq 1 introduces
n discrete macroscopic constraints, e.g., mean square
or mean end-to-end distances. These constraints de-
pend on the specific stretching experiment and couple
the two ensembles with different chain lengths. The
corresponding Lagrangian multipliers are y;. A is the
diagonal matrix with the three deformation ratios 4; (A
= 0;j41), which determine the macroscopic state of the
deformed system under consideration.

As macroscopic constraint we choose g,(F) =r2,i =x,
¥, 2, in order to have a simple mathematical description
(compare refs 7 and 8).

In equilibrium, the entropy assumes an extremum,
which is calculated by setting the variational derivatives
of the entropy with respect to the distributions M;F)
equal to zero. The straightforward calculation yields

M{F)=M; exp{S,(F) + Y yg(F} (2
n=1

For Gaussian chains the entropy is S.;(F) = So; — a;7?
and a; = 3/(2N;i?). Therefore, the Lagrange multipliers
y; are obtained from
APeM, 12 M,
—2— == (3)
2j=1 aj 2]':1(1]- e
With the abbreviations w = My/M; and v = aya; we
immediately obtain

ﬂ.,=ﬁ___l+v_ 1+w
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2 (w + V)i, (w + v)4,

and the stress (free energy F=U —- TS = ~-TS, U =0,
m=x,y,z)

dF w\g, A4
0, =— =2k TM (1 + —) E BA—— (5)
i, TN g,
Figures 1—4 show the fit of this bimodal model to the
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Figure 1. Nonaffine model with two strand lengths: stress
o1 versus Ay (large deformation regime). The experimental
points are from Kawabata.l® The theoretical curves are
according to eq 5 with parameters 2kgTM; = 0.210, w = 1.48,
and v = 3.12.
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Figure 2. Nonaffine model with two strand lengths: stress
o1 versus Ao (small deformation regime). The experimental
points are from Kawabata.l® The theoretical curves are
according to eq 5 with parameters 2kgTM; = 0.210, w = 1.48,
and v = 3.12.

biaxial, i.e., A3 = (A142)"1, experimental data of Kawa-
bata.!® The figures for the small extension regime show
very good agreement between theory and experiment!
The model obviously fits the biaxial data very well. If
it were not yet known that samples of vulcanized rubber
have a broad distribution of strands of different lengths,
this good agreement of the model with the data would
strongly suggest such an assumption. The large w =
My/M; value means—together with v = 3—that shorter
strands occur more frequently in the material.
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Figure 3. Nonaffine model with two strand lengths: stress
o2 versus A (large deformation regime). The experimental
points are from Kawabata.l® The theoretical curves are
according to eq 5 with parameters 2kgTM; = 0.210, w = 1.48,
and v = 3.12.
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Figure 4. Nonaffine model with two strand lengths: stress
09 versus Ao (small deformation regime). The experimental
points are from Kawabata.!® The theoretical curves are

according to eq 5 with parameters 2kgTM; = 0.210, w = 1.48,
and v = 3.12.

Large extensions, i.e., larger than A = 1.9, are not
described correctly. This may in part be due to the
Gaussian strand model used in the derivation.

Because there are strands of different lengths in the
network, it is interesting to investigate the statistical
properties of both ensembles. As an example we show
in Figure 5 a plot of the mean square end-to-end
distances divided by A2 for equitriaxial deformation. 4
is the deformation ratio (4 = l/l;). Parameters are v =
2und w = 1.
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Figure 5. Nonaffine model with two strand lengths, Ny = 2N5,
M, = M, (triaxial deformation): (=) (R12/4? (longer strands);
(- - =) (R2®)/42 (shorter strands); (***) (R9?) (!) (shorter strands).
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Figure 6. Dependence of modulus on w.

Obviously, the mean square end-to-end distance for
the system of the shorter strands reaches a saturation
for 1 = 2; i.e., for larger extensions their mean square
end-to-end distance does not change with deformation.
The macroscopic deformation of the total network is
produced in this region only by the longer strands. For
small deformations A = 1 the shorter strands contribute
to the macroscopic deformation, but their contribution
is smaller than in the affine case.

These results for a multichain model are consistent
with results obtained by Géritz et al.l! on the basis of a
two-chain model.

In the following the dependence of the modulus in
uniaxial deformation on the relative chain number w
and relative chain length v = N3/N, (<1) is investigated.
Comparison to experimental data, e.g., ref 12, is not
possible because the modulus depends upon the number
of strands M; + M,, which is not specified in the
publications.

For uniaxial deformation and constant volume, i.e.,
Ay = A; = 1/As!"? a Taylor expansion of eq 5 at 4, = 1
yields
iz) (62)
)'I

o, = 2k T(M, + M) ﬂv,w)(lx -

. w+)?
fow) 1+ w)w + v?)

Figures 6 and 7 show the dependence of Av, w) on both
relative parameters. The modulus as a function of w
exhibits a minimum (entropic effect) for fixed v. This
is reasonable, because, as is well established, the
network modulus does not depend on the modulus of

(6b)

Macromolecules, Vol. 28, No. 17, 1995

1.0

o8t

f(v,w)

ot i

04k /_Tu |

02F i

0'0 ! L —_— I
0,0 0.2 0.4 0,6 08

v
Figure 7. Dependence of modulus on v.

the single chain. Therefore the moduli for w = 0 and w
= oo are equal, since only one type of chain exists.

3. Polydisperse Networks

In contrast to the model of the last section we now
investigate a network which is not cross-linked from a
melt of two different chains, but which polymerized from
a soup of monomers. The polymerization is controlled
by various chemical parameters. These parameters are
projected on just two in the following model: the
number of strands M at the end of the polymerization
and the number of initial monomers Nj.

In analogy to eq 1 the entropy now reads

Spet(A) = kg [M(N,F) S(N,F) d°r dN +
ke{MIn M — [M(N,7)In M(N,7) &°r dN} +
kg (u — DIM — [MN,7) d° dN} +
kefi{N, ~ [M(N,7) N d°r dN} +

kY v [M(NF) g(F) d°r dN —
=1

SM(N,7) g(AF) & AN} (7)

M(N F) is the distribution function of strands consisting
of N monomers and having end-to-end distance 7.
My(NF) is the equilibrium distribution without external
constraints, i.e. y; = 0 7i. In addition to eq 1 the fixed
monomer number Ng is accounted for by the Lagrangian
multiplier z.

3.1. Calculation of the Distribution My(N,r)
without External Constraints. The variations of eq
7 with respect to the distribution M(N F) leads to (with
y; = 0 Vi)

o ANTS(NF)

f e—ﬁN+Ss(N,l‘) d3r dN

where we already eliminated 4. Within the Gaussian
approximation

M\N,7)=M (8)

3
2N7?
we find from eq 8 i = M/N; and

S,(N,7) =8, — —>—72 — gln N ©)

2
M) = [MN,7) & = Hoe 0N (10)
g

My(N) is the number of strands of contour length N
being generated during a polymerization starting with
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N monomers and ending with M strands and resulting
finally at an extremum of the entropy. The fact that
the distribution of chain lengths in such systems decays
exponentially is numerically verified.!3¢ This shows
that the model introduced above describes polymeriza-
tion quite well.

3.2. Deformation after Cross-Linking. After
cross-linking, we are no longer allowed to use eq 7,
because then the number of strands of length N is fixed.
Equation 7 describes the case where the strand distri-
bution M(N,F) can change during deformation. This is
the case for physical cross-links. Here we assume that
we have only chemical cross-links and therefore My(N)
is fixed. Thus the constraints due to the Lagrange
multipliers # and 7 must be substituted by the following
term

SANFONH{MN — MNP &rr D)

with an infinite number of Lagrange multipliers 7(V).

3.3. Quasiaffine Case. In the quasiaffine case the
macroscopic constraints are fulfilled for every function
g7.7% Obvious mathematical transformations of the
corresponding constraints lead to

M(N7) = —=MN,A™'7) (12)
I,
resulting in the following stress—strain relation
MRsT 4
g, = b a'}’—‘{ll —In I3} (13)

with I; = 4,2 + 4,2 + 4,2 and I3 = A,%4,%1,%. Equation 13
is identical to the well-known result first obtained by
Wall® for a unimodal network.® Therefore one cannot
distinguish between unimodal and multimodal networks
in considering the stress—strain relation of the quasi-
affine case. This is probably due to the infinite number
of constraints.

3.4. Special Case: g:() = |r;]. Variation of the
entropy with g;7) = |ry| yields (@ = 3/2(Ni?))

M(N,F) =
—yi%/4a
M 3 )32 e
o N o
=xyz

8N 27N1? zH ‘( 2 )
1+erfl—
owa

(14)

g

resulting in a transcendental equation for the calcula-
tion of y,. A Padé approximation in the equation
determining y; (correct limiting cases for 4 — « and A
— 0 and agreement for A = 1 to the exact transcendental
equation) results in

—MkBTd{Il A+ A+ A 11} 15
On =5 m‘g‘f'(x y+ ) —Inlye (15)

The important fact of eq 15 is its universality in the
sense that it depends only on the number M of network
strands. A comparison of this result with the experi-
mental data of Kawabatal? is not shown, because for
deformations up to 4; = 1.6 the agreement is as well as

—ari?+yiril
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in Figures 1—4. For large extensions one cannot expect
agreement because of the Gaussian approximation used
for the strands.

4, Summary

In this paper we gave examples of how to incorporate
polydispersity in the network model introduced re-
cently,’® which describes the polymer network as a gas
of chains subject to macroscopic constraints.

We investigated a bimodal as well as a multimodal
network using the maximum entropy principle for given
monomer and strand numbers. Both models result in
an excellent fit to biaxial stress—strain experiments of
vulcanized rubber in the Gaussian regime and show the
Mooney effect. This excellent agreement is achieved in
the bimodal network through a fit of the relative contour
lengths and the relative numbers of both types of
strands. For a multimodal network the same good
agreement with experimental data is obtained although
there is just one parameter in the model, which is the
number of strands. Therefore one might conclude that
the Mooney effect is a consequence of polydispersity.
However, this point should not be overestimated, be-
cause inclusion of the network functionality,”!® yields
a similar effect also for the “monodisperse” model
network.

The main advantage of the model is its conceptual
simplicity, i.e., entropy maximization under constraints.
This straightforward method allows also the calculation
of the functionality dependence, swelling experiments,’#16
and with the help of the strands distribution M(NF),
neutron scattering experiments. A shortcoming might
be that the macroscopic behavior is not explicitly related
to microscopic mechanisms.
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